We apply the derivative expansion approach to the Casimir effect for a real scalar field in d spatial dimensions, to calculate the next to leading order term in that expansion, namely, the first correction to the proximity force approximation. The field satisfies either Dirichlet or Neumann boundary conditions on two static mirrors, one of them flat and the other gently curved. We show that, for Dirichlet boundary conditions, the next to leading order term in the Casimir energy is of quadratic order in derivatives, regardless of the number of dimensions. Therefore it is local, and determined by a single coefficient. We show that the same holds true, if d = 2, for a field which satisfies Neumann conditions. When d = 2, the next to leading order term becomes nonlocal in coordinate space, a manifestation of the existence of a gapless excitation (which do exist also for d > 2, but produce sub-leading terms).
I. INTRODUCTION
The determination of the Casimir force [1] for a quite general situation, namely, when the geometry of the problem is characterized by two rather arbitrary surfaces, is interesting and potentially useful. Those surfaces may correspond, for example, to the boundaries of two mirrors. Alternatively, the surfaces themselves may describe zero-width ('thin') mirrors, which will be the situation considered in this paper. Yet another possibility is that those surfaces may be the interfaces between media with different electromagnetic properties, occupying different spatial regions. In situations like the ones above, it may be convenient to think of the Casimir energy as a functional of the functions determining the surfaces. Of course, it is generally quite difficult to compute that functional for arbitrary surfaces. Rather, exact results are only available for highly symmetric configurations, the simplest of which being the case of two flat, infinite, parallel plates. Taking advantage of the simplicity of the result for this highly symmetric configuration, the proximity force approximation (PFA) [2, 3] provides an accurate method to calculate the Casimir energy when the surfaces are gently curved, almost parallel, and close to each other. Introduced by Derjaguin many years ago [2] to compute Van der Waals forces, this approximation consists of replacing both surfaces by a set of parallel plates. The energy is then calculated as the sum of the Casimir energies due to each pair of plates, each plate paired only with the nearest one in the other mirror.
In a recent work [4] , we have shown that the PFA can be put into the context of a derivative expansion (DE) for the Casimir energy, when the latter is regarded as a functional of the functions that define the shapes of the mirrors.
order in k, the η-field momentum, as one would do in an effective field theory approach [9] .
When that expansion to order k 2 does exist, the NTLO terms are of second order in derivatives, and therefore spatially local. However, as in any quantum correction to a 2-point function, we know that non-analytic contributions may arise when the external momentum reaches the threshold to excite modes of the field in the loop. In the present case, since we expand around k = 0, those non-analyticities may only originate in the existence of massless modes. When present, they result in contributions which, being nonlocal in space, are similar to the ones that appear in the context of effective field theories, when including the effect of massless virtual particles [9] . We shall see that this kind of non-analyticity does indeed appear, for Neumann conditions, in the form of branch cuts. The physical reason being that when both mirrors impose Neumann conditions there are transverse gapless modes for the fluctuating field. However, except for d = 2 and zero temperature (T = 0), or d = 3 and T > 0, those non-analyticities are of higher order than the NTLO, when k → 0. In this, the only 'pathological' case (d = 2 and T = 0 or d = 3 and T > 0), the real time version of the kernel has, if rotated to real time, a logarithmic branch cut at zero momentum of the form k 2 log(k 2 ), which overcomes the k 2 term (which is also present). We also study the NTLO term as a function of temperature. In the particular case of d = 3, we shall see that for Dirichlet boundary conditions it depends smoothly on the temperature. For Neumann boundary conditions, as an indirect consequence of the non-analyticity at d = 2 and zero temperature, the Neumann NTLO term is also non-analytic at any non zero temperature. This paper is organized as follows. In the next Section we introduce the system and summarize the approach we follow to calculate the free energy Γ β . In Section III we discuss the DE for Dirichlet boundary conditions on thin, perfect mirrors in d + 1 dimensions, discussing the zero and high (infinite) temperature limits. We apply those results to evaluate the Casimir interaction energy between a sphere and a plane at very high temperature. Section IV is devoted to study the DE at zero and high temperatures limits, for a real scalar field with Neumann boundary conditions on the mirrors. The special cases of d = 2 with T = 0, and d = 3 with T > 0, are singled out and dealt with in subsection IV B. Higher order terms in the DE are analyzed in Section V. Finally, in Section VI, we summarize our conclusions. The Appendices contain some details of the calculations.
II. THE SYSTEM
We shall adopt Euclidean conventions, whereby the spacetime metric is the identity matrix, and spacetime coordinates are denoted by x µ = x µ (µ = 0, 1, . . . , d), x 0 being the imaginary time and x i , (i = 1, . . . , d) the spatial Cartesian coordinates.
Regarding the geometry of the system, we shall assume that one of the surfaces, L, is a plane, while the other, R, is such that it can be described by a single Monge patch:
We have included for R in (1) a more general, time-dependent boundary, in spite of the fact that we are interested in the static Casimir effect (SCE). We shall, indeed, at the end of the calculations, impose the condition that the boundaries are time-independent: ψ = ψ(x 1 , . . . , x d−1 ), but it turns out to be convenient to keep the more general kind of boundary condition at intermediate stages of the calculation. In this way, the treatment becomes more symmetric, and one may take advantage of that to simplify the calculation. Besides, although it is not our object in this paper, one could rotate back some of the results thus obtained for a non-static ψ to real time, in order to consider a dynamical Casimir effect (DCE) situation.
We follow a functional approach to calculate the free energy Γ β (ψ), or its zero temperature limit E vac (ψ), the vacuum energy. Both are functionals of ψ, that defines the shape of the R mirror (the plane mirror L is assumed to be fixed at x d = 0). Γ β is also a function of the inverse temperature β ≡ T −1 (we use units such that Boltzmann constant k B = 1).
In the functional approach, which we shall follow, both objects are obtained by performing a functional integration; indeed:
where Z β (ψ) is the partition function; it may be obtained by integrating over field configurations that satisfy the corresponding boundary conditions at L and R, and are also periodic (with period β) in the imaginary time coordinate x 0 (Matsubara formalism). Z
β denotes the partition function in the absence of the mirrors; therefore it corresponds to a relativistic free Bose gas.
E vac (ψ) is then obtained by taking the limit:
It is worth noting that in (2) ψ has to be time-independent for Γ β (ψ) to be a free energy. We do however calculate objects like Z β (ψ) for configurations that may have a time dependence, keeping the same notation.
To avoid an unnecessary repetition of rather similar expressions, we shall write most of the derivations within the context of a finite temperature system, presenting their zero temperature counterparts at the end of the calculations.
We shall consider a real scalar field, with either Dirichlet or Neumann boundary conditions. In both cases, the general setup has a similar structure, but there are also some important differences. Mostly, they come from the different infrared behaviour of their respective Green's functions, and the impact that that behaviour has on the DE. Accordingly, we present them in two separate sections.
III. DIRICHLET BOUNDARY CONDITIONS
We start from the functional representation of Z β (ψ):
where δ A (ϕ), A = L, R, is a functional δ function which imposes Dirichlet boundary conditions on the respective mirror, while S 0 is the free Euclidean action for a massless real scalar field in d + 1 dimensions, at finite temperature:
with periodic conditions for ϕ in the time-like coordinate, namely,
. To proceed, one should then exponentiate the δ-functionals by introducing two auxiliary fields, λ L and λ R , functions of x ≡ (x 0 , x 1 , . . . , x d−1 ) ≡ (x 0 , x ), also satisfying periodic boundary conditions in the x 0 coordinate. In the Dirichlet case, we have:
where g is the determinant of g αβ , the induced metric on R:
We have adopted the convention that indices from the beginning of the Greek alphabet run from 0 to d − 1. Using the exponential representations above in (4), one derives the alternative expression:
where the 'Dirichlet current' J D (x) is given by:
It is possible to get rid of the g(x ) factor above just by redefining λ R :
. This redefinition induces a nontrivial Jacobian. However, this Jacobian is independent of the distance between the mirrors, therefore irrelevant to the calculation of their relative Casimir force; hence we discard it. The integral over ϕ, a Gaussian, yields:
where we have introduced the objects:
where we use a "bra-ket" notation to denote matrix elements of operators, and
where we have introduced the Matsubara frequencies:
where ψ is regarded as time independent, something that one can impose at the end of the calculation. Γ β still contains 'self-energy' contributions, i.e., contributions invariant under the rigid displacement ψ(x ) → ψ(x ) + . Since we are just interested in the Casimir force we shall neglect them altogether whenever they emerge in the calculations below.
A. Derivative expansion
The DE is implemented by following the same idea and approach introduced in [4] . The calculation is, in many aspects, identical to the one in [4] , with the only differences in the number of dimensions and in the fact that the time coordinate is compact (periodic), so frequency integrations have to be replaced by sum over Matsubara frequencies. Therefore, we do not repeat all the steps presented there, rather, we limit ourselves to convey the relevant results.
First, we note that in the DE approach applied to this case, keeping up to two derivatives, the Casimir free energy can be written as follows:
where the two dimensionless functions b 0 and b 2 can be obtained from the knowledge of the Casimir free energy for small departures around the ψ(x ) = a = constant case. Indeed, setting:
one expands Γ β in (17) in powers of η, up to the second order. Thus,
where the index denotes the order in η. For the expansion above, Γ
β is proportional to the area of the mirrors, L d−1 . In terms of the Matsubara frequencies:
β , n ∈ Z, the explicit form of the zero order term per unit area is as follows:
where:
is the dimensionless function which appears in the DE for the zero order term (ξ = a/β). Regarding Γ (2) β , which is necessary in order to find b 2 , the result can be presented in a more compact form in terms of its Fourier space version. Defining the spatial Fourier transform of η by:
we have
where
with
which is also a dimensionless function with dimensionless arguments. We have made explicit the fact that the result will only depend on the modulus of l , as any dependence on its direction may be got rid off by a redefinition of the integration variables. The coefficient b 2 can be immediately defined in terms of F (2) . Indeed,
In the following subsection, we consider the low and high temperature limits of the two coefficients b 0 and b 2 ; since they determine the form of the DE in the corresponding limits. We note that the relevant scale to compare the temperature with is the inverse of the distance between the mirrors. Thus, in terms of the variable ξ, the relevant cases are: ξ → 0 (zero temperature limit) and ξ → ∞ (infinite temperature limit). We discuss them below.
The zero and high temperature limits
The zero temperature limit corresponds to ξ → 0, and it can be implemented by replacing a sum over discrete indices by an integral over a continuous index. Defining k 0 = 2πnξ, we get an integral over k 0 ; the Jacobian being 1/(2πξ). The results for the two coefficients, in d dimensions (we introduce the number of dimensions as an explicit parameter), are:
and (5) 12ζ (5) 0.737 (7) 6ζ (7) 0.824 
for the lowest dimensions. where:
It is possible to give a more explicit expression for b 2 (d), since this coefficient may be obtained by taking derivatives inside of the integrand of (30). Also, the b 0 (d) coefficient can be exactly evaluated as a function of d. We present, in the following table, the ratio between the two coefficients as a function of d,
It is interesting to remark that the relative weight of the NTLO correction grows with the number of dimensions. Indeed, the general results for b 0 (d) and b 2 (d) in an arbitrary number of dimensions are:
and
These expressions are consistent with those derived in Ref. [10] , using a different method and in the context of the dynamical Casimir effect. Figure 1 shows that the ratio
Let us now consider the very high (infinite) temperature limit. When ξ >> 1, we see that only the n = 0 term in the sum representing b 0 yields a non-vanishing contribution,
or, introducing explicitly the dependence on the number of space dimensions, d,
a reflection of the well known 'dimensional reduction' phenomenon at high temperatures, for bosonic degrees of freedom. For the b 2 coefficient, a similar analysis shows that only m = 0 has to be kept, and:
Putting together (34) and (35), we finally get for the DE up to the second order in the high temperature limit:
In particular, the free energy reads, for d = 3,
As an example, let us now apply the results above to the evaluation of the Casimir interaction between a sphere and a plane at very high temperatures. The sphere has radius R, and is in front of a plane at a minimum distance a (a R). Although the surface of the sphere cannot be covered by a single function z = ψ(x ), as in previous works, we will nevertheless consider just the region of the sphere which is closer to the plane [4] . We shall see that this procedure still produces results which are quantitatively adequate within the present approximation and assumptions, even beyond the lowest order.
The function ψ is
where we are using polar coordinates (ρ, φ) for the x 3 = 0 plane. This function describes the hemisphere when 0 ≤ ρ ≤ R. The DE will be well defined if we restrict the integrations to the region 0 ≤ ρ ≤ ρ M < R. We will assume that ρ M /R = O(1) < 1. Inserting this expression for ψ into Eq.(37) and performing explicitly the integrations we obtain
Note that, as long as a R, the force will not depend on ρ M . As expected on dimensional grounds, the R/a 2 behavior of the leading contribution in the zero temperature case changes to R/aβ at very high temperatures. The NTLO correction is analytic when written in terms of derivatives of the function ψ, but non-analytic in a R . This behavior has been already noted in numerical estimations of the Casimir interaction between a sphere and a plane in the infinite temperature limit, for the electromagnetic case in Ref. [11] .
It is interesting to remark that the expression for the free energy at high temperatures in d = 3 is quite similar to that corresponding to the electrostatic force F z between two surfaces held at a constant potential difference V [7] 
Therefore, when considering an arbitrary surface over a plane, the high temperature limit of the free energy will have the same behavior than the electrostatic force. For instance, from the results of [7] , for a cylinder of radius R and length L at a distance a of a plane, we expect the leading term of the free energy to be proportional to in agreement with the results in Table 1 . The ratio b 2 /b 0 gives a quantitative measure of the relevance of the NTLO correction to the PFA. Note that, both for d = 3 and d = 4, it converges quickly to the infinite temperature value.
Finally, it is worth stressing that, as the coefficients b 0 and b 2 are functions of ξ = T ψ, the evaluation of these functions is crucial in order to compute the Casimir free energy using the DE in any concrete example, at a fixed temperature. The previous plots describe the dependence of their ratio with distance, at a fixed temperature. In Fig.  4 we plot b 0 (ξ) in 3 + 1 dimensions. We can see that, at low temperatures, the curve is very flat. Indeed, it is well known that the low temperature corrections to the free energy for parallel plates are proportional to ξ 3 for ξ 1, and this behavior is well reproduced in the numerical evaluation. Moreover, the function b 0 (ξ) acquires very quickly the linear behavior expected at very high temperatures. For the sake of completeness, in Fig. 5 , we plot the function b 2 (ξ), which has similar characteristics.
These results may be useful to understand the nontrivial interplay between geometry and temperature for open geometries, like the sphere-plate and the cylinder-plate configurations, described in Ref. [12] . Indeed, it was pointed out there that local approximation techniques such as the PFA are generically inapplicable at low temperatures. From our results we see that both functions b 0 and b 2 approach their high temperature behavior for relatively low values of ξ. Therefore it would not be valid to insert the low-ξ expansions of these functions into Eq.(18), and then apply the result to open geometries for which the condition ξ 1 is not satisfied. 
IV. NEUMANN BOUNDARY CONDITIONS
Again we start from the functional representation of Z β (ψ) given in (4), but now we use the functional δ functions which impose Neumann (rather than Dirichlet) boundary conditions on the two mirrors. We assume the mirrors to be characterized by the same surfaces we used in the Dirichlet case.
The boundary conditions may be written as follows:
where ∂ n = n µ ∂ µ , with n µ the unit normal to the surface x d − ψ(x ) = 0:
and |N (x )| = g(x ).
To exponentiate the δ-functionals, we again introduce two auxiliary fields, λ L and λ R :
where we introduced the notation ∂ N = N µ ∂ µ . Thus, using those exponential representations, we derive:
where, by analogy with the Dirichlet case, we introduce the 'current' J N (x):
Note that there is no need to get rid now of any metric-dependent factor, as we did for the Dirichlet case. The integral over ϕ becomes then:
The free energy Γ β (ψ) is then
which, as in the Dirichlet case, does contain 'self-energy' contributions, to be discarded here by the same reason as there. Again, Ψ is assumed to be time independent.
A. Derivative expansion
Assuming that one could proceed as in the Dirichlet case, keeping up to two derivatives, the derivative expanded Casimir free energy could be written as follows:
with two new dimensionless functions c 0 and c 2 . Those coefficients may be determined from the knowledge of the Neumann Casimir free energy for small departures around the ψ(x ) = a = constant case, up to the second order in the departure. Again, we focus on the cases of purely quantum or purely thermal effects, except for the more realistic case of d = 3. As we will show in what follows, the NTLO term is quadratic, except when d = 2 at zero temperature, or when d = 3 and there is a non zero (finite or infinite) temperature.
We present the calculation of the terms contributing to that expansion in Appendix A. It is quite straightforward to see that the zero order term coincides with the one for the Dirichlet case; namely:
β has the following form:
1. The zero and high temperature limits
As before, the zero temperature limit can be implemented by replacing a sum over discrete indices by an integral over a continuous index. The result for the coefficient c 2 in d dimensions is:
For d = 1, the coefficient c 2 coincides with its Dirichlet counterpart b 2 . In higher dimensions, the structure of the form factor is different. We present, in Table 2 , the ratio between c 2 (d) and
We see that the ratio c 2 (d)/c 0 (d) is non-monotonous and always negative for d = 1. We have also checked that
In the particular case d = 2 is not possible to compute the coefficient by introducing the derivative with respect to |l | 2 inside the integral in Eq.(55), because of infrared divergences. This is a signal of a branch cut at zero momentum, as we will show in Section IV B.
The high temperature limit can be obtained, as for the Dirichlet case, taking the limit ξ >> 1. "Dimensional reduction" takes place, and the free energy becomes
Regarding intermediate temperatures, Fig. 6 shows the ratio between coefficients c 2 (ξ) and c 0 (ξ), as a function of the dimensionless temperature ξ, for the Neumann boundary condition in d = 4 dimensions. The plot interpolates between the value c 2 /c 0 = −1.00 and -1.36 at zero and high temperatures respectively, in agreement with the results shown in Table 2 . Let us consider the particular case of d = 2 at zero temperature. As shown in Appendix A, for small departures of the plane-plane geometry ψ(x ) = a + η(x ), the correction to the Casimir energy reads, up to second order in η
with:
Naively, one would expect the form factor g (2) (k ) to admit an expansion in powers of k 2 , which is the necessary condition in Fourier space to produce a DE in configuration space. However, this is not the case for d = 2, as suggested by the fact that the formal expression
has an infrared logarithmic divergence at p = 0. The behavior of g (2) (k ) for small values of k can be determined by studying the integral that defines it in Eq.(58) in the region a|p | 1. In this region, and assuming also that a|k | 1 one can make the approximation
and compute the integrals analytically. In this way, it is possible to show that
This behavior of g (2) , that we confirmed with a numerical evaluation of Eq.(58), shows that a local DE breaks down for Neumann boundary conditions at d = 2. However, one can still perform an expansion for smooth surfaces, including nonlocal contributions in the Casimir energy. For instance, in the present case, the NTLO correction to the PFA will be nonlocal and proportional to
As we will describe more generally in the next Section, the breakdown of the local expansions is related to the existence of massless modes in the theory. These modes are generally allowed by Neumann but not for Dirichlet boundary conditions, that impose a mass gap of order 1/a. The logarithmic behavior of the form factor in d = 2 induces a similar non-analiticity for d = 3 at finite temperature. Indeed, the m = n = 0 term in the finite temperature form factor given in Eq. (52) is formally identical to the Neumann form factor g (2) in d = 2. Therefore, in an expansion for small values of |k |, in addition to a term proportional to k 2 , there is a contribution proportional to (T a)k 2 log(k 2 a 2 ) at any non-vanishing temperature, which is not cancelled by the rest of the sum over Matsubara frequencies.
V. HIGHER ORDER TERMS IN THE DE
In this Section we discuss some general aspects of the derivative expansion, related with the calculation of higher orders and the eventual breakdown of the expansion.
In this and previous works we considered just the NTLO correction to the PFA, which contains up to two derivatives of the function ψ in the free energy. We expect the next to NTLO (NNTLO) order corrections to contain terms of the form
and terms containing more derivatives for higher orders.
The main question to be answered is whether the free energy can be expanded or not in local terms up to any desired order. For this to hold true, a necessary condition is that the expansion must hold true for a particular case: when ψ = a + η, with η 1, and one keeps just the quadratic term in η. For simplicity, we deal with the T = 0 case in d = 3 dimensions, an example that will illuminate several aspects of the problem. From the previous sections, we see that the quadratic contribution to the Casimir energy has the form:
where the form factor h (2) depends on the boundary conditions of the quantum field. In most of the paper we considered the case of static surfaces, but here it will be useful to discuss the more general case in which the right mirror can be in motion. In this situation, on general grounds, we expect the form factor to be a function of a(k 2 0 + k 2 ) 1/2 ≡ a|k |, and of course the explicit calculations confirm this fact. Within these approximations, the Casimir energy will not admit an expansion in derivatives if the form factor includes, for instance, odd powers or logs of its argument. Note that at higher orders, and relaxing the condition of a quadratic approximation in η new non-analytic terms may arise, which can be of the same order in the DE as the ones that come from the term quadratic in η.
In 3+1 dimensions, this question can be answered from the explicit expressions of the form factors [13] presented in Appendix B. For Dirichlet boundary conditions, the expansion of the form factor contains, in addition to even powers of the argument, a term proportional to a 5 |k | 5 (see Eq. (82)). The non-analytic term becomes a nonlocal contribution in configuration space, that cannot be expanded in derivatives of η. Note that this contribution does not depend on the distance between mirrors. There is a simple interpretation of this term: when considering a flat moving boundary, photon creation produce an imaginary part in the vacuum persistence amplitude when rotated from Euclidean to Minkowski spacetime. Therefore, the expression for Γ (2) ∞ cannot be analytic in k 2 . For a single nonrelativistic mirror, this will lead to a dissipative force proportional to the fifth time-derivative of the position. Indeed, the proper analytic continuation of the Euclidean term proportional to |k 0 | 5 to real time, produces this dissipative force. For the Dirichlet case, there are no non-analyticities dependent on the distance between mirrors. Physically, this is due to the fact that there is a frequency threshold to produce real photons between mirrors, which is of order 1/a. The conclusion is that, for Dirichlet boundary conditions, the a−dependent part of the DE is well defined up to any order. On the other hand, the a-independent part contains a non-analytic contribution related to the possibility of creating photons of arbitrary low energies from the vacuum. The situation changes for the case of Neumann boundary condition. As shown in Eq.(84), in addition to the nonanalytic term proportional to |k | 5 a 5 , which as before produce a contribution to Γ (2) ∞ that is independent of a, there is a term proportional to |k | 3 a 3 . The physical reason of the existence of this term is again clear using the connection with the DCE. Indeed, this term comes from the possibility of creating TM photons between mirrors, moving parallel to the mirrors, for which there is no energy threshold. If the DE is used to compute the force on a moving mirror, this a-dependent dissipative contribution to the force will be missed, i.e. it is only possible to get the dispersive part of the force. On the other hand, for a static and non-flat mirror, this term produces a nonlocal component of the force, which will be smaller than the NTLO, but the dominant part of the NNTLO.
It is interesting to remark that both the non-analytic contributions proportional to |k | 5 for Dirichlet and Neumann boundary conditions in 3 + 1 dimensions, and the |k | 3 term for the Neumann case, could be derived from the form factors described in the previous section by analyzing the infrared behavior of the integrals in p , as we did in Sec. IV B. Moreover, it is clear that all of them have the same physical origin: the existence of massless degrees of freedom. For Neumann boundary conditions at T = 0, the non-analyticities show up in the NTLO for d = 2, and in the NNTLO for d = 3. For Dirichlet boundary conditions the non-analytic term is independent of the distance between mirrors, and therefore does not contribute to the Casimir force.
The situation is analogous to that of effective field theories that involve massless particles. In that case, in addition to local terms in the effective action, there are nonlocal (or non-analytic contributions) which can be interpreted as arising from the fact that there is no threshold for creating such particles [9] . A prototypical example is quantum field theory under the influence of external (classical) backgrounds. For massive quantum fields in curved spaces [14] , the effective action and the energy momentum tensor of the quantum fields can be approximated by a DE (usually known as the Schwinger DeWitt expansion in that context). Each subsequent term in the expansion contains additional derivatives of the metric and inverse powers of the mass of the quantum field. The expansion is valid as long as the typical scale of variation of the classical background is much larger than the inverse mass. However, for massless quantum fields, it is necessary to consider nonlocal contributions. In our case, the role of the background is played by the curved surface, and there are both massive and massless excitations: the massive ones are the Dirichlet modes (TE photons) inside the "cavity". The massless ones are the Neumann modes (TM photons) with momentum in the direction parallel to the plates, and TE and TM photons outside the cavity.
The physical picture suggests possible ways out to improve the PFA even beyond the NTLO correction. This would involve a separate treatment of massless and massive excitations. We hope to address this issue in a future work.
VI. CONCLUSIONS
We have obtained explicit expressions for the NTLO term in a DE for the Casimir free energy for a real scalar field in d spatial dimensions. The field satisfies either Dirichlet or Neumann boundary conditions on two static mirrors, one of them flat and located at the x d = 0 plane, while the other is described by the equation: x d = ψ(x 1 , x 2 , . . . , x d−1 ). We have shown that, for Dirichlet boundary conditions, the NTLO term in the Casimir energy is always of quadratic order in derivatives, regardless of the number of dimensions. Therefore it is local, and determined by a single coefficient. We evaluated the ratio between that coefficient and the one for the PFA term, for different values of d at zero and high temperatures.
We have also shown that the same holds true, if d = 2, for a field which satisfies Neumann conditions. When d = 2, the NTLO term becomes nonlocal in coordinate space, which is a clear manifestation of the existence of gapless excitations allowed by the Neumann conditions [15] . It may be seen that among all the possible combination of linear boundary conditions on the mirrors, just this case, Neumann conditions on both mirrors, can produce these modes.
When including thermal effects, we have shown that, for Dirichlet mirrors, the NTLO term in the free energy is also well defined (local) for any temperature T . Besides, it interpolates between the proper limits: namely, when T → 0 it tends to the one we had calculated for the Casimir energy, while for T → ∞ it corresponds to the one for a d = 2 theory, realizing the expected dimensional reduction at high temperatures. On the contrary, for Neumann mirrors in d = 3, we found a nonlocal NTLO term for any T > 0, which vanishes linearly when T → 0. This leaves room, when the temperature is sufficiently low, to use just the local term (of second order in derivatives) as the main correction to the PFA. But of course, the nonlocal term will always break down for a higher temperature, whose value will depend on the actual shape of the surface involved. We stress once more that this non-analytic behavior is a consequence of the Neumann boundary conditions, and may not be present for imperfect boundary conditions, as those considered in Ref. [6] .
In the course of our derivations we have obtained integral expressions for the momentum space kernels which determine the quadratic contribution to the free energy for small departure from the planar case. Those kernels are well defined in any number of spatial dimensions and temperatures, and agree with the known results for d = 3 and T = 0 [13] . They can be used to extract the NTLO terms, be they local or nonlocal. Although for the static cases we have considered in this article they are only needed for time independent configurations, we also present the expressions for the kernels at non-zero frequencies.
